It has been previously shown [5] , that a binary linear cyclic code of length 2n (n odd) can be obtained from two binary linear cyclic codes of length n by the well known |u|u+v| construction. It is easy to show that the same construction can as well be obtained as the image under the Gray map of a cyclic (not necessarily linear) code of length n over Z Z 4 . We shall show that the set of linear cyclic codes over Z Z 4 , whose images under the Gray map agree with the |u|u + v| construction, are the same family of codes whose images correspond to binary linear cyclic codes of length 2n under the Nechaev-Gray map introduced in [11] . Since the number of linear cyclic codes of length n over Z Z 4 is equal to the number of binary linear cyclic codes of length 2n, we use this result to characterize the set of nonlinear cyclic codes of length n over Z Z 4 , whose images, under the Nechaev-Gray map, are binary linear cyclic codes of length 2n. As a byproduct, we introduce a new product for binary polinomials, and, by means of this product, we obtain a new way to express codewords that belong to a linear cyclic code over Z Z 4 whose Nechaev-Gray image is a binary linear cyclic codes.
Introduction
It is well known that the number of linear cyclic codes of length n (n odd) over Z Z 4 is 3 r , where r is the number of basic irreducible polynomial factors in x n − 1 (see for example [7, 4] ). By giving conditions on their generator polynomials, the author in [10, 11] finds the subset of these 3 r codes whose Nechaev-Gray images are linear cyclic codes of length 2n over IF 2 . On the other hand, binary linear cyclic codes of length 2n are studied in [5] , and it is shown that any of these codes can be obtained from two binary linear cyclic codes of length n by the well known |u|u + v| construction. In this paper we present a family of cyclic codes over Z Z 4 (not necessarily linear) whose Gray images are binary linear codes that agree with this construction. We shall show that a code in this family will be linear if, and only if, its image under the Nechaev-Gray map is a binary linear cyclic code. This corresponds to a new characterization, diferent from those given in [11] , which describe all the linear cyclic codes over Z Z 4 whose Nechaev-Gray image are binary linear cyclic codes. By means of this result we characterize the set of nonlinear cyclic codes of length n over Z Z 4 whose images, under the Nechaev-Gray map, are binary linear cyclic codes of length 2n. In the final part of this paper we introduce a new product for binary polinomials, and, by means of this product, we obtain a new way to express the codewords belonging to a linear cyclic code over Z Z 4 whose Nechaev-Gray image is a binary linear cyclic codes.
Linear Cyclic Codes over Z Z 4 and the Gray Map
Let R be a commutative ring with identity and let n be a positive integer. An R code of length n is a set of n-tuples over R and it will be linear if it is an R-submodule of R. On the other hand, an R code will be considered cyclic (not necessarily linear) if it is invariant under cyclic shifts. Considering the usual identification of vector with polynomial, linear cyclic codes of length n over R can be identified as ideals in the quotient ring
The quotient ring above will be denoted by
Some of the most important facts about ideals of the ring A 4 (n) are as follows:
Theorem 1 [7] Let n be an odd positive integer. Then 
The polynomial f (x) in this theorem is called the Hensel lift off(x) and one way of finding this polynomial is by Graeffe's method [3] .
Theorem 2 [7, 1, 11] If n is odd, every ideal I of A 4 (n) is a principal ideal. Also if C is a linear cyclic code of length n over Z Z 4 , then its polynomial representation I is a principal ideal generated by a polynomial of the form is defined [3] by
where q, r ∈ IF 2 are the coefficients of the binary representation of a ∈ Z Z 4 , i.e., a = r + 2q. By abuse of notation we denote by Φ also its componentwise extension to Z Z Let n be odd, the Nechaev permutation [10, 11] is the permutation π on IF 
where
2n) (n odd), then we extend, in a similar way, the action of π to A 2 (2n) as follows
where "o" and "e" are integer functions from Z Z into {0, 1}, such that o(x) = 1 ⇔ x is an odd number and e(x) = 1 ⇔ x is an even number. 
Definition 2 Let n be a positive odd number and letf
The componentwise product [6, ch. 8, pag. 240] 
The following properties about the componentwise product are obvious and will be presented for later use.
• The product " * " is commutative.
The next theorem describes all linear cyclic codes over Z Z 4 whose NechaevGray image are binary linear cyclic codes.
Theorem 3 [11] Let C be a linear cyclic code of odd length
n over Z Z 4 . Let g(x) = a(x)[b(x) + 2] be the generator of C with x n − 1 =ã(x)b(x)c(x), wherẽ a(x),b(x) andc(x) are pairwise coprime in IF 2 [x
] and a(x), b(x), c(x) be the Hensel lifts ofã(x),b(x) andc(x), respectively. The following properties are equivalent
Where the set <ã( 
Binary Linear Cyclic Codes of length 2n
By means of the well known |u|u + v| construction and the Nechaev permutation, the following theorem shows that a binary linear cyclic code of length 2n (n odd) can be obtained from two binary linear cyclic codes of length n. It is interesting to see that the proof of the previous theorem in [5] , uses the Nechaev permutation before it was introduced in [8] . We present a proof of this theorem in the context of the notation that we are using for such permutation.
Theorem 4 [5] Let
Both terms in (2) are divisible byã(x) and since n is odd, then the first term only contains even powers of x, while the second one only odd powers, implying that both terms are actually divisible byã(x)
A Family of Nonlinear Cyclic Codes over Z Z 4
From now on we will distinguish the polynomial products that are done over A 2 (n) from those which are done over A 4 (n). For this, we will use the following: Notation: For two binary polynomials, we will use "·" to indicate a polynomial product over A 2 (n), while the absence of such a dot will indicate a product over A 4 (n), not mattering if the polynomials in the product are or not binary. Now, we introduce a special kind of cyclic codes over Z Z 4 . 
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Definition 3 Let n be a positive odd number and letã(x),b(x)
where we are considering A 2 (n) as a subset of A 4 (n) and thus the addition "+" is taken over A 4 (n).
From now on and for n odd, we will denote the set of all binary linear cyclic codes of length 2n by LC 2 (2n), the set of all linear cyclic codes of length n over Z Z 4 by LC 4 (n), while the set of all BCZ4 codes of the same length by
r , where r is the number of basic irreducible polynomial factors in x n − 1. In order to study the relationship of these three kind of codes we introduce the the bijetive map T : BC 4 (n) → LC 4 (n), given by 
then, by means of 1, we can see how the Gray image of C is the |u|u + v| sum of C 1 and C 2 , therefore the proof comes directly from Theorem 4.
In general BCZ4 codes are not linear. The following result characterizes their linearity.
Theorem 5 Let n,ã(x) andb(x) be as before. Let a(x) and b(x) be, respectively, the Hensel lifts ofã(x) andb(x) over Z Z 4 . If Ψ is the Nechaev-Gray map then the following properties are equivalent
Proof: Let C 1 and C 2 be cyclic codes over Z Z 4 given by
. We now prove equivalence of 1) and 3). Let m 1 (x), m 2 (x) ∈ C 1 , thus there exist polynomials 2 (x) ). Now, for any α ∈ Z Z 4 we have
where q, r ∈ IF 2 , are such that α = r + 2q. Clearly, from (3) we see that m 1 (x) + α m 2 (x) ∈ C 1 if and only if Condition 3) is satisfied; therefore 1) and 3) are equivalent. Now, Condition 2) means that C 1 is linear, hence Condition 2) implies Condition 1). Suppose C 1 is a linear code, thus by Condition 3) and Theorem 3 we have Ψ(
by Proposition 2. Since Ψ is a bijective map we conclude that C 1 = C 2 . This means that 1) implies 2). The other equivalences come from Theorem 3.
Using the fact that the three sets LC 2 (2n), LC 4 (n) and BC 4 (n) have the same number of codes we have the following corollary:
4) The set of nonlinear cyclic codes of length n over Z Z 4 , whose images
under the Nechaev-Gray map are binary linear cyclic codes of length 2n, is BC 4 (n) \ ρ.
A New Product for Binary Polinomials
In the previous section, a new characterization for linear cyclic codes over Z Z 4 , whose Nechaev-Gray images are binary linear cyclic codes, was presented.
Particularly it was shown that a Nechaev-Gray image of a linear cyclic code over Z Z 4 , with generator a(x)(b(x) + 2), corresponds to a binary linear cyclic code if and only if
is presented. Nevertheless, it will be necessary, first, to set some preliminaries.
Definition 4 For u(x) ∈ A 4 (n) we define the one-reduction of u(x) as the binary polynomialũ(x) such that u(x) ≡ũ(x) (mod 2). On the other hand, the two-reduction of u(x) is the binary polynomialū(x) such that u(x) =ũ(x)+ 2ū(x).
It must be observed that the map a(x) →ã(x) is a ring morphism, whereas the two-reduction is not. Additionally, we have the following obvious proposition Proposition 3
We now introduce the following new polynomial product over A 2 (n). A 2 (n) as the binary polynomial given byg
Definition 5 Let n be a positive odd number. Then we define the product "♦" of two binary polynomialsg(x) andũ(x) in
where x denotes the biggest integer ≤ x.
For binary polynomials, the next theorem connects the polynomial product over A 2 (n) with that which is done over A 4 (n).
Theorem 6 Let n be a positive odd integer and letg(x),ũ(x)
The proof requieres a lemma. m be a positive integer and, for i = 1, 2, . . . , m, let b We are now able to prove the statement of Theorem 6.
Lemma 1 Let
Proof: We haveg
where the subscripts are taken modulo n. Applying the previous lemma, we obtain
But since n is odd, we have
Sinceg
, then the expected result follows from 4, 5, 6 and 7.
Due to the commutativity of the polynomial products over A 2 (n) and over A 4 (n), we have, as a direct result of Theorem 6, the following:
Corollary 2 The product "♦" is commutative.
Despite the commutativity property of "♦", it is important to notice the nonassociativity of this product. For example, with n = 3,ã(
The following proposition shows that Condition 3) in Theorem 5 can be lightened.
Proposition 4 Let n,ã(x) andb(x) be as in Theorem 5, then <ã(x)·b(x) >
Proof: The direct implication is obvious. For the inverse implication, let
, but by means of Proposition 1 we have
which can be rewritten as
where k and l are integer functions from the set {0,
, and by hypothesis we know
. . , n/2 , and since n is odd, then 0 ≤ l(i, j) ≤ n/2 . Therefore, (8) 
Using the previous proposition and Theorem 6, we give a correspondence between polynomials in < a(
Theorem 7 Let n, a(x), b(x),ã(x) andb(x) be as in Theorem 5 and suppose that
Proof: For Proposition 4 and Condition 2) in Theorem 5 we know that the generator polynomial g(x) + 2a(x) is in <ã(x) ·b(x) > n 2 +2 <ã(x) > n 2 , but by means of Proposition 3 we also know that g(x)+2a(x) =g(x)+ 2(ã(x)⊕ḡ(x)), thusã(x) ⊕ḡ(x) is in <ã(x) > n 2 and this implies the existence ofq 1 (x). Now (g(x) * (x ig (x))) is in <ã(x) > n 2 , for all i = 1, 2, ..., n/2 . Therefore, each of these polynomials can be factorized usingã(x), and for (4) we conclude the existence ofq 2 (x). Taking into consideration Theorem 6 and (9) can now be obtained by developing the product (g(x) + 2a(x))u(x) = (g(x) + 2(ã(x) · q 1 (x)))(ũ(x) + 2ū(x)).
Conclusions
Binary cyclic codes have been typically divided into linear and nonlinear. By means of the Nechaev-Gray map a new classification can be established. In fact, we can distinguish those binary cyclic codes which are either linear or are Nechaev-Gray map images of linear cyclic codes over Z Z 4 , from those which are not. This new classification extends, in some sense, the concept of linearity for binary cyclic codes. Corollary 1 shows that a similar extension can be done for the set of linear cyclic codes over Z Z 4 by distinguishing those cyclic codes over Z Z 4 that are in LC 4 (n) ∪ BC 4 (n), from those which are not.
If we now consider linear cyclic codes over Z Z 2 k and a generalization of the Gray map (see for example [9, 2] ), it is not clear to the author whether or not it is possible to extend the previous idea, in a similar way, to codes over Z Z 2 k . For those codes, it would also be interesting to obtain a generalization of Theorems 5 and 7.
